In order to investigate the influence of the intermediate principal stress on the stress and displacement of surrounding rock, a novel approach based on 3D Hoek-Brown (H-B) failure criterion was proposed. Taking the strain-softening characteristic of rock mass into account, the potential plastic zone is subdivided into a finite number of concentric annulus and a numerical procedure for calculating the stress and displacement of each annulus was presented. Strains were obtained based on the nonassociated and associated flow rule and 3D plastic potential function. Stresses were achieved by the stress equilibrium equation and generalized Hoek-Brown failure criterion. Using the proposed approach, we can get the solutions of the stress and displacement of the surrounding rock considering the intermediate principal stress. Moreover, the proposed approach was validated with the published results. Compared with the results based on generalized Hoek-Brown failure criterion, it is shown that the plastic radius calculated by 3D Hoek-Brown failure criterion is smaller than those solved by generalized H-B failure criterion, and the influences of dilatancy effect on the results based on the generalized H-B failure criterion are greater than those based on 3D H-B failure criterion. The displacements considering the nonassociated flow rule are smaller than those considering associated flow rules.
Introduction
A reasonable assessment of plastic failure scope and its deformation is the key to evaluate the safety and stability of tunnel. Analytical and semianalytical solution based on linear and nonlinear failure criteria have been studied by many researchers such as Yu et al. [1, 2] , Carranza-Torres [3, 4] , and Park and Kim [5] . Yu et al. [1, 2] presented a nonlinear unified strength criterion for rock material, which took the effect of intermediate principal stress into account. Carranza-Torres and Fairhurst [6] were one of the earliest scholars applying the Hoek-Brown failure criterion to the engineering practice. On the basis of this, elastic-brittle-plastic solutions based on the Mohr-Coulomb and Hoek-Brown ( = 0.5) failure criteria were proposed by Carranza-Torres [3, 4] . According to the research of Carranza-Torres [3] , Sharan [7, 8] presented a new solution and calculation method of critical plastic zone using Newton-Raphson method. Due to its feasibility of using computer to obtain numerical solution and simple expression, it has been accepted by most scholars. However, the above results are limited to ignore the influence of the intermediate principal stress on the distribution of stress and displacement of surrounding rock since they are based on generalized Hoek-Brown failure criterion. Hence, there are some deviations with exact solutions because the deep buried tunnel is in the three-dimensional stress state.
Although lots of solutions of surrounding rock were proposed based on the assumption of plane strain problem, the influence of axial stress should not be ignored. The influence of axial stress on the distribution of stress and displacement of surrounding rock was proposed by Reed [9] ; he studied the relationship between the axial stress and the major, intermediate, and minor principal stresses. On the basis of Reed [9] , Pan and Brown [10] considered the effects of the axial stress and dilation on the convergence and stability of the surrounding rock. In particular, it is pointed out that the case of stress exchange can occur in the calculation. Wang et al. [11] improved Reed's approach and presented an analytical solution of surrounding rock under different axial stresses which is based on Mohr-Coulomb 2 Mathematical Problems in Engineering failure criterion. Particularly, the stress and displacement of surrounding rock under three different axial stress states were discussed in his paper. The effects of axial stress and in situ stress on stress, displacement, and strain of surrounding rock were studied by Lu et al. [12] and Zhou et al. [13] . Moreover, these approaches can be supplemented and verified mutually. Zou and Su [14] presented an analytical solution of the surrounding rock based on the generalized Hoek-Brown failure criterion and elastic-brittle-plastic model, and this solution is compared with Wang et al. [11] to verify its correctness using the method of parameter transformation. The theoretical solutions for the elastic-brittle-plastic and elastic-plastic rock mass incorporating the out-of-plane stress and seepage force were proposed by Zou et al. [14] [15] [16] [17] [18] .
Compared with the elastic-plastic model, strain-softening model is closer to failure of rock mass model in engineering practices. Taking into account that rock yield strength does not drop to residual strength instantaneously, strainsoftening process can be regard as a gradual decline in the process of yielding of rock mass. So the strain-softening model can better fit the test curve of rock. For instance, Lee and Pietruszczak [19] proposed a numerical procedure for calculating the stresses and radial displacements around a circular tunnel excavated in a strain-softening Mohr-Coulomb or generalized Hoek-Brown media. In this approach, the potential plastic zone is divided into a finite number of concentric rings and it is assumed that all the strength parameters are linear functions of deviatoric plastic strain. Wang et al. [20] proposed a new closed strain-softening method considering softening process as a series of brittleplastic and plastic flow process and presented a new method to describe the strain-softening process of rock soil mass. Alonso et al. [21] standardized the process of modeling and the problem was transformed into the initial value problem of the Runge-Kutta method. Zou and Li [22] proposed an improved numerical approach to analyze the stability of the strain-softening surrounding rock with the consideration of the hydraulic-mechanical coupling and the variation of elastic strain in the plastic region. Moreover, Zou and He [15] proposed a numerical approach that considers the effect of out-of-plane stress for circular tunnels excavated in strainsoftening rock. At present, the generalized H-B failure criterion is widely used [23] [24] [25] , but it is difficult to obtain a relatively accurate solution. The majority of scholars have done many researches about three-dimensional failure mechanism including Pan and Hudson [26] , Singh et al. [27] , Priest [28] , Zhang and Zhu [29] , and Yang and Long [23, 30] . They proposed different 3D failure mechanisms based on different experimental or theoretical models, respectively. Among these researches, the model proposed by Zhang and Zhu [29] , which can be compared with the two-dimensional Hoek-Brown model, is widely recognized.
Although the 3D Hoek-Brown failure criterion has been widely recognized, the theoretical analysis for deep tunnel is still little discussed. The paper focus on the influences of the axial stress on the stress and strain of strain-softening surrounding rock in deep tunnel considering 3D HoekBrown failure criterion. Strains are obtained by the 3D plastic potential function and stresses are given by plane strain method. Moreover, the results are compared with those based on generalized Hoek-Brown failure criterion to find differences between the two methods.
Failure Criterion
Hoek et al. [31] modified the previous Hoek-Brown failure criterion and proposed the generalized H-B failure criterion:
where is the unconfined compressive strength of the rock mass; 1 and 3 are the major and minor principal stresses, respectively; , , and are the H-B constants for the rock mass before yielding, which are expressed as follows:
where is a factor that depends on the degree of disturbance to which the rock has been subjected in terms of blast damage and stress relaxation, which varies between 0 and 1, and GSI is the geological strength index of the rock mass, which varies between 10 and 100. The generalized Hoek-Brown failure criterion has been widely used, but the influence of the intermediate principal stress on distribution of stress and strength is neglected. Hence, a 3D Hoek-Brown failure criterion is proposed by Zhang and Zhu [29] on the basis of the generalized HoekBrown and Mogi failure criteria:
where oct is octahedron deviatoric stress and ,2 is average effective stress:
The 3D generalized H-B failure criterion not only considers the influence of the intermediate principal stress, but also inherits the merit of the H-B failure criterion. Under the triaxial compression and triaxial tension conditions, the parameters of the H-B failure criterion can be directly used for 3D generalized H-B failure criterion.
Computational Model
As shown in Figure 1 , a circular opening with an initial radius ( 0 ) is subjected to a three-dimensional and uniform in situ pressure ( 0 ) at infinity and an internal support pressure ( in ) in the tunnel wall. The surrounding rock mass is considered as continuous, homogeneous, isotropic, and initially elastic. Because the axial stress ( ) along the axis of the deep tunnel is also considered, the analyzed model of surrounding rock can be regarded as spatial axial symmetry model. During excavation of the deep tunnel, in is gradually reduced. When the internal support pressure ( in ) is less than a critical support pressure, plastic region will appear around the surrounding rock. Because the yielding extent of the surrounding rock is different, the plastic zone of surrounding rock is divided into softening zone and residual zone. The paper considers the surrounding rock to be homogeneous and isotropic material. Therefore, the radial normal strain , the circumferential normal strain , and the radial displacement can be obtained by small strain assumption as follows:
Outside the plastic zone, the stress and displacement of surrounding rock in elastic zone can be obtained by the solution presented by Reed [9] :
When considering the influence of intermediate principal stress, the axial stress is equal to the in situ stress in deep tunnel as follows:
Strain-Softening Model
For strain-softening model, the stress-strain curves can be simplified to 3-slope as shown in Figure 2 [15, 22] . The strength and deformation parameters of the strainsoftening rock mass are evaluated based on plastic deformation and are controlled by the deviatoric strain [19, 21] :
where 1 and 3 are the major and minor plastic strains, respectively. The physical parameters of the surrounding rock mass are described according to the bilinear function of plastic shear strain as follows [19, 21] :
where represents a strength parameter, such as , , , , , , and ; is the critical deviatoric plastic strain from which the residual behavior is first observed and should be identified through experimentation; the subscripts and represent the peak and residual values, respectively.
To avoid the influence that the curve of stress and strain in strain-softening stage is nonlinear on theoretical analysis, the strain-softening process can be simplified to a series of brittleplastic processes [20] as shown in Figure 3 . The whole plastic zone of the deep tunnel is separated into rings and the adjacent rings have different parameters. Hence, the actual constitutive model is replaced by piecewise linear , ( + 1) and each segment has different negative slope; it seems like there are brittle-plastic processes. The greater is, the more accurate the strain-softening model is.
Solutions in Plastic Zone
The total plastic region can be divided into connected annuli which are bounded by annuli of the radii ( −1) and ( ) . The th annulus is determined by the outer radius ( −1) and the inner radius ( ) which is adjacent to the elastic region.
The parameter values of the outmost ring are equal to the values of innermost elastic region. So the ( − 1) iterations of brittle-plastic analysis are conducted on the inner plastic annulus until the residual strength is reached.
The stress equilibrium equation of an element in tunnel wall can be represented by
where is the radial stress and is the tangential stress. Based on the plane strain assumption, the axial strain should satisfy
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Hence, the relationship between radial normal stress , circumferential normal stress , and axial normal stress is expressed as
The radial normal stress and the circumferential normal stress at the elastoplastic interface satisfy the failure criterion and can be given by
The radius of the first ring is (0) = which is at the interface between the elastic region and the equivalent plastic zone:
The stress and strain at the elastoplastic interface can be given by
where
The normalized inner radius can be expressed as
on both inner and outer boundaries of the plastic zone are known a priori and decreases from to in . The increment of radial normal stress is given by
So the radial normal stress at each ring can be represented by
The stress equilibrium equation can be expressed in another way as follows:
From above equations, the following expressions can be obtained:
The stress equilibrium differential equation for the th annulus is derived by using (13) and (20) expressed as (21) and (22):
The radius of each ring is a known quantity and the radial stress of the th ring can be obtained from (17) . So the axial normal stress can be given by
Combining (3), (17) , and (22), stress at the outer ring can be obtained and the radial stress at the th ring is calculated by using linear interpolation:
where is stress or displacement of rock mass, ( ) is stress or displacement of rock mass at th ring, ( −1) is stress or displacement of rock mass at ( − 1)th ring, and is the distance between center of the tunnel wall and any point of the surrounding rock.
The compatibility equation can be written in the general form as follows:
Equation (26) can be transformed into the following form:
It can be rewritten as
Associated Flow Rule.
According to the geotechnical plastic mechanics, there is an equipotential surface of plastic potential at any point in stress space. Its mathematical expression is called the plastic potential function, and the plastic potential function can be presented by
where is hardening parameter and is principal stress. The plastic strain increment can be obtained by
where is multiplication operator, is plastic strain, and is principal stress. It is called the associated flow rule when and are completely the same. And the physical meaning of yield function is a judgment criterion whether a point of surrounding rock reaches the yield state. And the physical meaning of plastic potential function is the relationship between plastic strain increment and loading surface.
While the strains of rock and soil mass satisfy the associated flow rule, its plastic potential function is given by
where is dilation parameter:
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The differential of three-direction strain is expressed as
If 1 , 2 , and 3 are defined as follows
then (33) can be simplified to
The relationship between radial plastic normal strain , circumferential plastic normal strain , and axial plastic normal strain can be represented by
Combination of (36) and (37) leads to
The increment of the radial plastic strain at th annulus can be obtained by (36):
The displacement at th annulus can be obtained:
Nonassociated Flow Rule.
The plastic potential function of the surrounding rock is redefined by Reed [9] by replacing the internal friction angle with the angle of internal friction:
where = (1 + sin )/(1 − sin ) and is dilation angle. According to the nonassociated flow rule, we can know
So (12) can be rewritten as
Therefore, the relationship of strains is no longer determined by the failure criterion considering the nonassociated flow rule but is determined directly by the dilatation coefficient which is defined by the dilation angle . Because the intermediate principal strain = 0, the relationship between the major and minor principal strains is determined by 1 and 3 using the associated flow rule. Hence, in order to compare the results calculated by the associated flow rule and nonassociated flow rule, the results of displacement using the nonassociated flow rule can be replaced by using
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Validation
To validate the correctness of the proposed approach and calculation program, the results of the proposed approach are compared with the results of Sharan [8] . According to different types of the surrounding rock, Sharan provided the strength parameters of indoor test for many groups of rocks. Under different surrounding rock conditions, Sharan [8] calculated the radius of plastic zone and radial displacement of the surrounding rock. The specific parameters are shown in Table 1 and calculation results are shown in Table 2 .
If the intermediate stress is equal to major principal stress or minor principal stress , 3D Hoek-Brown failure criterion can be simplified to two-dimensional Hoek-Brown failure criterion which is used by Sharan.
As shown in Table 2 , the results of the paper are in good accordance with Sharan [8] when strain-softening of rock mass is not considered. Under the condition that parameters of surrounding rock are the same, the results show that the greater the stress is, the greater the plastic radius of the surrounding rock is; the larger the internal support pressure is, the smaller the radius of the plastic zone of surrounding rock is. And we found that the results calculated by elasticbrittle-plastic model are larger than those calculated by elastoplastic model. As its strength parameters immediately fall after reaching the peak value, the elastic-brittle-plastic model can be regarded as a special case of strain-softening model. Table 3 .
Numerical Calculation and Discussion
Through the comparison results in Table 3 , we can find that the plastic zone radius and radial displacement calculated by 3D H-B failure criterion are smaller than those calculated by generalized H-B failure criterion. Thus, it proves that the results may overestimate the plastic zone radii and radial displacement of the surrounding rock without considering intermediate principal stress.
As shown in Table 3 , the radial displacement of surrounding rock calculated by associated flow rule is much greater than those calculated by nonassociated flow rule. With different softening parameters, the plastic zone radii calculated by 3D H-B failure criterion are smaller than those calculated by generalized H-B failure criterion. be reduced by 20.85%, 34.67%, 21.78%, 36.29%, 21.90%, and 36.53%, respectively. From above results, it can be obtained that the calculated deviations between 3D H-B failure criterion and generalized H-B failure criterion increase with the increasing of dilation angle. At the same time, the radial displacement differences between three-dimensional associated flow rule and nonassociated flow rule considering dilatancy effect are compared. The differences between two calculation approaches are analyzed for predicting the displacement of plastic zone. The results of stress and displacement are shown in Figures 4-11 . As shown in Figures 4-7, , , , and are calculation results based on 3D H-B failure criterion; , , , and are calculation results based on generalized H-B failure criterion. Figures 4-7 show the stress comparisons between the ideal elastoplastic, strain-softening, and elastic-brittle-plastic model based on 3D and generalized Hoek-Brown failure criteria, respectively. When considering the influence of the intermediate principal stress on different failure criterion, the value of plastic radius calculated by the 3D H-B criterion is smaller than those calculated by the generalized H-B criterion.
Under the condition that the geotechnical parameters are the same, the influence of dilatation coefficient on generalized H-B failure criterion is larger than 3D H-B failure criterion. Particularly as the softening coefficient is the same, the residual radius is smaller than the plastic radius of the surrounding rock if it is calculated by generalized H-B failure criterion. For example, if = 0.04, the plastic radius calculated by generalized failure criterion is 1.4660 and the residual radius does not exist. Based on 3D H-B failure criterion, the plastic radius is 1.2841 and the residual radius is 1.0372. Hence, if the softening coefficient is the same, the plastic radius calculated by different failure criteria is quite different.
The radial displacement comparisons of surrounding rock under different flow rules, softening parameters, and dilation angles are shown in Figures 8-11 . Summary results can be seen from Table 3 . The plastic zone radii calculated by associated flow rule and nonassociated flow rule are almost consistent. However, the radial displacement of rock mass increases 10.64% (e-p model), 11.84% ( = 0.04), 13.91 ( = 0.006), and 14.13% (e-b-p model) if it adopted associated flow rule. Obviously, with the continuous deteriorations of strength parameters, the result differences between associated flow rule and nonassociated flow rule will increase gradually. Table 4 . Elastic-brittle-plastic model (dilation angle is equal to 20 ∘ ) was selected to study the stresses and displacements of surrounding rock as shown in Tables 4 and 5 . Compared with the softening process of three parameters, the softening process with only one parameter was conducted. The following conclusions can be drawn as follows: the differences of plastic radius are 1.88% (2D) and 1.37% (3D) when only parameter " " is softening; the differences of radial displacement are 6.28% (2D) and 5.77% (3D) when only parameter " " is softening; the differences of plastic radius are 3.23% (2D) and 2.46% (3D) when only parameter " " is softening; the differences of radial displacement are 11.40% (2D) and 10.14% (3D) when only parameter " " is softening; the differences of plastic radius are 2.08% (2D) and 1.51% (3D) when only parameter " " was softening; the differences of radial displacement are 6.93% (2D) and 6.25% (3D) when only parameter " " is softening.
The above results show that the softening of surrounding rock is commonly decided by many parameters. The order of rock mass parameters affecting the stress and displacements is shown as follows: > > .
Conclusions
(1) Incorporating the 3D Hoek-Brown failure criterion, associated flow rule, nonassociated flow rule, and the strain-softening model, numerical solutions of stress, displacement, and plastic radius were proposed. 
